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On the basis of Kirchhoff hypothesis the problem of vibrations of conductive plate in a longitudinal mag-
netic ﬁeld is brought to the solution of the singular integral–differential equation with ordinary boundary
conditions. The formulated boundary-value problem solved and the inﬂuence of magnetic ﬁeld on the
characteristics of vibration process of the examined magnetoelastic system is investigated. Via the anal-
ysis of obtained solutions it is shown that the presence of magnetic ﬁeld can: (a) increase essentially the
frequency of free magnetoelastic vibrations of the plate; (b) decrease essentially the amplitude of forced
vibrations if r 6 1 , where r ¼ h=x; h – is the frequency of acting force, x – is the frequency of own vibra-
tions of the plate magnetic ﬁeld is being absent; (c) increase essentially the amplitude of forced vibra-
tions if r > 1; (d) decrease essentially the width of main areas of dynamic instability. It is shown that:
(1) in the case of perfectly conductive plates magnetic ﬁeld constricts essentially the width of main area
of dynamic instability; (2) if plate’s material has the ﬁnite electroconductivity, then the certain value of
the intensity of external magnetic ﬁeld exists, exceeding of which excludes the possibility of appearance
of parametric type resonance. It is shown also that in dependence on the character of initial excitements
the plate can vibrate either across the initial non-deformable state, or across the initial bent state.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Review on the papers and books from the presented ﬁeld of
interest one can ﬁnd in the books Baghdasaryan (1999), Ambartsu-
mian and Baghdasaryan (1996), Maugin (1988), Podstrigach et al.
(1982). In these books one can ﬁnd the main citations to the refer-
ence of the theory of magnetoelasticity. Investigations in this ﬁeld
have widely evolved in recent years also. These investigations are
mainly devoted to the problems of free vibrations, for example,
Baghdasaryan et al. (2003) and Librescu et al. (2004). The Cauchy
problems are not addressed yet and investigations devoted to the
forced and parametric type vibrations are almost absent. The pre-
sented work is devoted to the investigation of dynamic processes
in electrically conductive plated interacting with magnetic ﬁelds.
This paper is consists of two parts: the dynamic processes in the
case of perfectly conductive plate are investigated in the ﬁrst part;
and the ﬁniteness of the coefﬁcient of electroconductivity of plate’s
material (ﬁnite electroconductive plate) is taken into account in
the second part of the paper.
As it was noted above, the presented paper is devoted to the
investigation of dynamic processes in conductive plates inpresence of magnetic ﬁeld. On the basis of such investigations
the following assumptions are taken into account: (a) the models
of perfectly conductors; (b) Kirchhoff hypothesis. On the basis of
these assumptions the governing two-dimensional equations and
corresponding conditions were obtained by several authors, such
as Kaliski (1962) and Baghdasaryan and Belubekyan (1967)). These
equations characterize vibrations of perfectly conductive plates in
external magnetic ﬁeld. The limits of tangential components of in-
duced in plate’s surroundings are included in these equations.
Thus, the addressed boundary-value problems must be studies to-
gether with Maxwell equations, in presence of coupling conditions
at the surface of the plate. Due to these insurmountable mathemat-
ical difﬁculties these problems were solved either in the case of
inﬁnitely long plate, or the approximate solutions were used. In
particular, the asymptotical method to solve the boundary-value
problem was used (Baghdasaryan, 1986). In the case, when mag-
netic ﬁeld is absent, the above-mentioned method is proposed in
Bolotin et al. (1960). Using the basic postulates of the potential the-
ory, in the case of two-dimensional problem the limits of tangen-
tial components of the induced in plate magnetic ﬁeld are
obtained in the presented paper. As a result the investigation of
the noted vibration process is brought to the solution of initial-
boundary-value problem for integral–differential equation with
singular kernel. Thus it was able to avoid from approximate solu-
tion of external problem and it was established an opportunity to
solve not only the problems of natural magnetoelastic vibrations,
but the problems of forced and parametric vibrations in presence
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lems with initial conditions also.
2. Basic equations
Let an elastic isotropic perfectly conductive plate of constant
thickness 2h referred to the Cartesian system of coordinates
x1; x2; x3 so that the middle plane of non-deformed plate coincides
with the coordinate plane x1; x2. The plate is compressed via the
force with the intensity PðtÞ ¼ P0 þ P1 cos ht and occupies the area
ðjx1j 6 a; jx2j <1; jx3j < hÞ and under the transversal load
Qðx1; tÞ ¼ Qðx1; tÞ oscillates in an external constant magnetic ﬁeld
with a given intensity vector ~HðH01;0;0Þ. Boundary conditions at
the edges of the plate x1 ¼ a addressed such that the plate oscil-
lates in the form of a cylindrical surface with generators parallel to
the coordinate line 0x2 (all quantities are independent of the coor-
dinate x2). It is assumed that the plate does symmetrical oscilla-
tions, i.e. the deﬂection of the plate wðx1; tÞ – is an even function
of x1 in the area ½a; a.
To investigate the oscillations of the examined magnetoelastic
system the basic assumptions of the theory of linear magnetoelas-
ticity will be used, assuming the hypothesis of undeformable nor-
mal is true. According to this hypothesis the following known
relations for the components of elastic displacements ~uðu1;0; u3Þ
can be presented:
u1 ¼ u x3 @w
@x3
; u2 ¼ 0; u3 ¼ w ð1:1Þ
where uðx1; tÞ;wðx1; tÞ – are unknown displacements of the points of
middle plane of the plate. It is also assumed that magnetic perme-
ability of plate’s material is equal to zero and the inﬂuence of tan-
gential forces of inertia and displacement currents on the
characteristics of plate’s vibrations can be neglected.
According to the above said and using the results of Refs. Bagh-
dasaryan (1983), the equation of transverse magnetoelastic vibra-
tions of the examined plate has the form:
D
@4w
@x41
þ 2qh @
2w
@t2
þ 2qhe @w
@t
þ PðtÞ @
2w
@x21
þ H0
4p
Z h
h
@h1
@x3
 @h3
@x1
 
dx3 þ H04p h
ðeÞþ
1  hðeÞ1
h i
¼ Qðx1; tÞ: ð1:2Þ
where D ¼ 2Eh3=3ð1 m2Þ – is the ﬂexural rigidity, E – is elasticity
modulus of plate material, m – is the Poisson’s ratio q – is the den-
sity, e – is the coefﬁcient of linear damping of the material; hðeÞ1 –
are unknown boundary values of the tangential component of
hðeÞ1 ðx1; x3; tÞ induced in the external medium (in vacuum) magnetic
ﬁeld ~hðeÞ1 ðhðeÞ1 ; 0;hðeÞ3 Þ on surfaces x3 ¼ h of the plate, respectively;
h1ðx1; x3; tÞ and h3ðx1; x3; tÞ – are components of induced in the plate
magnetic ﬁeld ~hðh1;0;h3Þ.
According to the accepted assumptions the determination of in-
cluded in (1.2) magnetic quantities hðeÞ1 ;h1 and h2 is brought to the
joint solution of equations of quasi-static electrodynamics in an
external medium
rot~hðeÞ ¼ 0; div~hðeÞ ¼ 0 ð1:3Þ
with the equations of electrodynamics of perfectly conductive
bodies in the plate’s area
@~h
@t
¼ rot @~u
@t
 ~H
 
ð1:4Þ
under the conditions
hðeÞ3 ¼ h3 for x3 ¼ h; jx1j 6 a ð1:5ÞhðeÞ1 ¼ h1 for x1 ¼ a; jx3j 6 h ð1:6Þ
on the surfaces of the plate under the conditions
hi ¼ 0 for t ¼ t0ði ¼ 1;3Þ ð1:7Þ
and the conditions of attenuation of excitements on inﬁnity
hi ¼ 0 for x21 þ x22 þ x23 !1 ð1:8Þ
From (1.4) and (1.7), in account of (1.1) one can ﬁnd
h1 ¼ 0; h3 ¼ H0 @W
@x1
for jx1j 6 a; jx3j 6 h ð1:9Þ
where W ¼ wðx1; tÞ wðx1; t0Þ.
As the plate is thin-walled, it is assumed, that the plate can be
presented via the surface, in which the component hðeÞ1 of the vector
~hðeÞ1 has discontinuity. Besides this according to the Eqs. (1.3), (1.4),
(1.5), (1.6), and (1.9) let us assume, that hðeÞ3 is an even function on
the coordinate x3 (then h
ðeÞ
1 , according to the condition div~hðeÞ ¼ 0,
will be an odd one with respect to this coordinate). Based on these
assumptions the determination of unknowns hðeÞ1 , according to the
conditions (1.3), (1.6), and (1.9) can be brought to the following
Dirichlet problem for the half-space x3 > 0:
@2hðeÞ1
@x21
þ @
2hðeÞ1
@x23
¼ 0;
hðeÞ1 jx3¼0 ¼
hðeÞþ1 ; jx1j < a
0; jx1jP a
( ð1:10Þ
The solution of the problem (1.10) has the form (Sobolev, 1966):
hðeÞ1 ¼
x3
p
Z a
a
hðeÞþ1 ðn; tÞdn
ðx1  nÞ2 þ x23
ð1:11Þ
Due to (1.8) and (1.11) from (1.3) the following expression will be
obtained to determine hðeÞ3 :
hðeÞ3 ¼
1
p
Z a
a
ðx1  nÞhðeÞþ1 ðn; tÞdn
ðx1  nÞ2 þ x23
ð1:12Þ
Substituting (1.9) and (1.12) into the surface condition (1.5), for
determination hðeÞþ1 the following singular integral equation with
Cauchy type kernel is obtained:
1
p
Z a
a
hðeÞþ1 ðn; tÞdn
x1  n ¼ H0
@W
@x1
ð1:13Þ
Solution of the integral equation (1.13) which satisﬁes the condition
(1.6) and as the function wðx1; tÞ is an even one with respect to the
coordinate x1 has the form (Gakhov, 1963)
hðeÞþ1 ¼
H0
p
Z a
a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x21
a2  n2
s
@W
@n
dn
x1  n ð1:14Þ
The hðeÞ1 is determined analogously and one can obtain:
hðeÞ1 ¼ hðeÞþ1 ð1:15Þ
Substituting (1.9), (1.14), and (1.15) into the (1.2), the investigation
of magnetoelastic vibrations of the examined plate to the solution
of the following singular integral equation is brought:
D
@4w
@x41
þ 2qh @
2w
@t2
þ 2qhe @w
@t
 hH
2
0
2p
@2W
@x21
þ H0
2p2
Z a
a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x21
a2  n2
s
@W
@n
dn
x1  nþ PðtÞ
@2w
@x21
¼ Qðx1; tÞ: ð1:16Þ
Table 1
The values of the quantity X1 ¼ x1=X01.
102  a=h 103  H0Oe
1 5 10 20 30
2 1.007 1.145 1.500 2.449 3.500
1 1.049 1.871 3.317 6.403 9.531
0.5 1.342 4.583 9.000 17.92 26.85
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the future for the sake of simplicity and evidence the following two
cases of initial conditions will be considered:
– only initial transverse speeds are forced in the plate
w ¼ 0; @w
@t
¼ uðx1Þ if t ¼ t0 ð1:17Þ
– only initial normal deﬂections are forced in the plate
w ¼ wðx1Þ; @w
@t
¼ 0 if t ¼ t0 ð1:18Þ
where uðx1Þ and wðx1Þ are given function in the interval ½a; a.
The solution of governing equation (1.16) in the case of simply
supported edges let us introduce in the form:
wðx1; tÞ ¼
X1
n¼1
fnðtÞ cos knx1; kn ¼ 2n 12a p ð1:19Þ
The representation (1.19) satisﬁes the known simply supporting
conditions along the edges x1 ¼ a, and it is an even function with
respect to the coordinate x1.
Substituting (1.19) into the Eq. (1.16) for Qðx1; tÞ ¼ Qðx1ÞqðtÞ
and using the usual orthogonalization process, after some transfor-
mations the following inﬁnite system of ordinary differential equa-
tions with respect to the functions fnðtÞ will be obtained:
d2fm
dt2
þ edfm
dt
þX20mf½1 PmðtÞfmðtÞ þ am fmðtÞ  fmðt0Þ½ g
þ
X1
m¼1
amn½fnðtÞ  fnðt0Þ ¼ cmqðtÞ ðm ¼ 1;2;3; . . .Þ ð1:20Þ
where
X20m ¼
Dk4m
2qh
; PmðtÞ ¼ PðtÞ
Dk2m
;
amn ¼ knH
2
0
4qhap2
Z a
a
Z a
a
sin knn
n x1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x21
a2  n2
s
dn
 !
cos kmx1dx1 ¼
¼ H
2
0
4qha
lnJ0ðlmÞJ1ðlnÞ þ 4
X1
k¼1
kJ2kðlmÞJ2kðlnÞ
" #
lk ¼ akk; am ¼
H20k
2
m
4pqX20m
; cm ¼ 12qha
Z a
a
Qðx1Þ cos kmx1dx1
ð1:21Þ
X0m – are the frequencies of free magnetoelastic vibrations of the
plate, when magnetic ﬁeld is absent, Jk – are the Bessel functions
of real argument. The following known representations were used
when calculating the coefﬁcients amn:
cosðz cos hÞ ¼ J0ðzÞ þ 2
X1
k¼1
ð1ÞkJ2kðzÞ cos 2kh
sinðz cos hÞ ¼ 2
X1
k¼1
ð1Þk1J2k1ðzÞ cosð2k 1Þh
1
p
Z p
0
cos kh
cos h cosu dh ¼
sin ku
sinu
ðk ¼ 0;1;2; . . .Þ
On the basis of (1.20) let us consider the problems of free mag-
netoelastic, forced and parametric vibrations of perfectly conduc-
tive plate in a longitudinal magnetic ﬁeld.
3. Free magnetoelastic vibrations
Let us assume, that the forces are absent ðcm ¼ 0; PmðtÞ ¼ 0Þ:
Then the problem of free magnetoelastic vibrations of the plate,
according to (1.20) and initial conditions (1.17), to the solution ofthe following system of differential equations is brought (here
for the sake of simplicity e ¼ 0 is assumed):
d2fm
dt2
þX20mð1þ amÞfm þ
X1
m¼1
amnfnðtÞ ¼ 0 ð2:1Þ
with conditions
fmðt0Þ ¼ 0; dfmdt

t¼t0
¼ 1
a
Z a
a
uðx1Þ cos kmx1dx1 ð2:2Þ
Let us represent the solution of the homogeneous system (2.1) in
the form
fmðtÞ ¼ Ameixt ð2:3Þ
where x – is vibration’s frequency, Am – are unknown coefﬁcients.
Substituting (2.3) into the system (2.1) the following inﬁnite
system of linear algebraic equations with respect to An will be
obtained:
½X20mð1þ amÞ x2Am þ
X1
m¼1
amnAn ¼ 0ðm ¼ 1;2;3; . . .Þ ð2:4Þ
Then, the following characteristic equation to determine the fre-
quencies of vibrations will be obtained:
detf½X20mð1þ amÞ x2dmn þ amng ¼ 0 ð2:5Þ
where dmn is Kronecker delta.
Using (1.21) it is easy to show, that determinant (2.5) belongs to
the class of convergent (normal) determinants (Kantarovich and
Krilov, 1962) and therefore from the Eq. (2.5) via the reduction
method the frequencies of magnetoelastic vibrations of the plate
can be found. In particular, for the ﬁrst frequency the following for-
mula ðn ¼ m ¼ 1Þ is obtained
x21 ¼ X201ð1þ aÞ;
a ¼ H204pq
k21
X201
1þ 8:4ap2h
  ð2:6Þ
The formula (2.6) is obtained having into account, that
J0ðl1Þ  0:484; J1ðl1Þ  0:564; J2ðl1Þ  0:244, and the fact also, that
the values Jkðl1Þ for k > 4 less than 102. The formula (2.6) proofed
the well-known fact that the presence of magnetic ﬁeld brings to
the increasing of the frequency of vibrations of perfectly conductive
plate (Kaliski, 1962; Ambartsumian and Baghdasaryan, 1996).
In the Table 1 the values of the frequency X1 ¼ x1=X01 are
brought for several values of h=a and the intensity of magnetic
ﬁeld. The table is constructed on the basis of the equation (2.6)
for m ¼ 0:36; E ¼ 7  1011 din=cm2.
Table 1 shows that in the case of thin plates magnetic ﬁeld of
the intensity 5  103 Oe can increase many times the frequency of
elastic vibrations.
Corresponding to the characteristic number x1 the solution of
Cauchy problem (2.1) and (2.2) has the form
f1ðtÞ ¼ Ax1 sinx1t ð2:7Þ
which was obtained assuming that t0 ¼ 0;uðx1Þ ¼ A cos k1x1.
Table 2
The values of the amplitude of forced magnetoelastic vibrations in dependence of the
intensity of magnetic ﬁeld.
102  a=h 103  H0Oe
0.00 0.50 1.00 1.50 2.00 10.0
0.4 1.0 0.902 0.4620 0.2250 0.1291 0.52  102
0.8 1.0 0.252 0.0652 0.0289 0.0163 0.64  103
1.2 1.0 0.0769 0.0193 0.00857 0.00482 0.19  103
1.6 1.0 0.0325 0.00814 0.00362 0.00203 0.81  104
2.0 1.0 0.0167 0.00417 0.00185 0.00104 0.42  104
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can be solved analogously. As a result for wðx1Þ ¼ B cos k1x1 in the
ﬁrst approximation ðn ¼ 1Þ the following formula is obtained to
determine f1ðtÞ;
f1ðtÞ ¼ a1þ aBþ
B
1þ a cosx1t ð2:8Þ
where frequency of magnetoelastic vibrations x1 and the quantity
a are determined via the formula (2.6).
Comparing the formulae (2.7) and (2.8) one can note that:
1. If to the points of the plate the initial speeds only excite then
the plate does harmonic oscillations around the non-deform-
able state (the formula (2.7));
2. If to the points of the plate the initial deﬂections only excite
then due to the magnetic ﬁeld the plate does oscillations
around the deformable state (the formula (2.8));
3. The frequencies of the plate are the same in both cases and their
magnitude increases with the increasing intensity of the mag-
netic ﬁeld (the formula (2.6));
4. The amplitude of vibrations decreases in both cases with
the increasing intensity of magnetic ﬁeld due to the laws
ð1þ aÞ1=2 and ð1þ aÞ1, accordingly;
5. The deformable state, around which the plate does oscillations,
seeks to the initial position, does not achieving it (formula
(2.8)).
4. Forced vibrations
Let us consider the forced vibrations of the plate
ðqðtÞ ¼ sin ht ; PðtÞ  0 ; wðx1Þ ¼ B cos k1x1Þ , restricting us by the
ﬁrst approximation. Then from the system (1.20) by virtue of
(2.6) the following equation will be obtained:
d2f1
dt2
þ e df1dt þx21f1 ¼ aX201Bdþ c1 sin ht
d ¼ 0; wðx1; t0Þ  0
1; wðx1; t0Þ–0
 ð3:1Þ
where the ﬁrst frequency of free magnetoelastic vibrations x1 and
the quantity a are determined via the formula (2.6). The common
solution of the Eq. (3.1) has the form
f1ðtÞ ¼ ðB1 cospt þ B2 sinptÞeet=2 þM1 cos ht þM2 sin ht
þM3 ð3:2Þ
where B1 and B2 – are constants which in every particular case from
initial conditions will be determined:
p2 ¼ x21 
e
2
	 
2
; M1 ¼  eh
ðx21  h2Þ
2 þ ðehÞ2
c1; M2
¼ x
2
1  h2
ðx21  h2Þ
2 þ ðehÞ2
c1; M3 ¼ aB1þ ad
The ﬁrst term on the right side of the representation (3.2), con-
taining the factor eet=2 describes the free damping magnetoelastic
vibrations of the plates. In the future only the second part of the
general solution of (3.2) will be considered, which describes the
steady-state forced vibrations (around the non-deformable state
for d ¼ 0 and around the deﬂected state for d ¼ 1) that occur only
after the time required for the damping of free vibrations. The
amplitude of these vibrations can be written as
A ¼ c1 x21  h2
 2 þ ðehÞ2h i1=2 ð3:3Þ
In this case, if there is no magnetic ﬁeld ða ¼ 0Þ, from (3.3) for the
amplitude of forced vibrations one can obtain the known expressionA0 ¼ c1 X201  h2
	 
2
þ ðehÞ2
 1=2
ð3:4Þ
Comparing (3.3) with (3.4), one can rewrite
A ¼ A0 1þ a
2 þ 2að1 r2Þ
ðcrÞ2 þ ð1 r2Þ2
" #1=2
; r ¼ h
X01
; c ¼ e
X01
ð3:5Þ
Considering (3.5) it is easily to see that the dependence of the
amplitude of forced vibrations on the parameter a, characterizing
the magnetic ﬁeld intensity, is a monotony decreasing, if the ratio
of the frequency of the driving force h to the ﬁrst frequency of free
magnetoelastic vibrations X01 less than or equal to one ðr2 6 1Þ.
On the basis of the formula (3.5) the calculations are made to
determine the relative amplitude A=A0 of forced magnetoelastic
vibrations of the plate, depending on the intensity of magnetic ﬁeld
for r ¼ 1 (the ﬁrst resonant frequency when magnetic ﬁeld is ab-
sent) and several values of h=a For the calculation here and later
adopted E ¼ 7  1011 din=cm2; m ¼ 0:36; c ¼ 0:03ð2pÞ1 The results
of calculation are shown in Table 2 and Fig. 1.
Considering the Table 2 and brought curves one can observe
that in the presence of a magnetic ﬁeld of medium intensity the
amplitude of forced vibrations is signiﬁcantly reduced (by several
hundred times).
If the frequency of the driving force is more in comparison with
the ﬁrst free magnetoelastic frequency ðr2 > 1Þ then the monotonic
dependence of the amplitude of forced vibrations on the intensity
of magnetic ﬁeld is violated.
In this case, this dependence has a maximum point. The maxi-
mum value of A=A0 reached at a ¼ r2  1 and is equal to
max
ðaÞ
A
A0
¼ 1þ r
2  1
cr
 2" #1=2
ð3:6Þ
Therefore, unlike the previous case ðr2 6 1Þ, the presence of
magnetic ﬁeld can lead to the substantial increasing of the ampli-
tude of forced vibrations (for instance, for r2 ¼ 1:05 and
c ¼ 0:03ð2pÞ1 from (3.6) the following can be found max
ðaÞ
A ¼
55:1A0). Formula (3.6) also shows that with the increasing fre-
quency of driving force the quantity max
ðaÞ
A=A0 is increases.
Let us investigate now the dependence of the amplitude A on the
frequency of driving force h for ﬁxed values of the modulus of the
intensity of magnetic ﬁeld. From (3.3) one can observe that the
amplitude as a function of h at h2	 ¼ X201ð1þ a 12 c2Þ has amaximum
(h2	 – is the ﬁrst resonant frequency in the presence of magnetic ﬁeld).
Having into account that max
ðhÞ
ðA0=c1Þ ¼ ðcÞ1½1 ðc=2Þ2
1=2
and
c2 << 1 assuming that 1þ h=a  1 from (3.3) and (2.6) the follow-
ing formula can be obtained
max
ðxÞ
A
max
ðxÞ
A0
¼ 1þ 1 m
2
12:5
H20
E
a
h
	 
3" #1=2
ð3:7Þ
which shows that the presence of magnetic ﬁeld with the
medium intensity (of the order 103 Oe), the resonant amplitude of
 s=0.4
s=0.8
s=1.6
s=2.0
s=2.5
0.5 1.0 1.5 2.0
1000 H Oe
0.2
0.4
0.6
0.8
1.0
A
A0
Fig. 1. Dependence of the amplitude of forced magnetoelastic vibrations on the
intensity magnetic ﬁeld.
Table 3
Comparison of the width of the dynamic stability.
H0  103 0 1 5 10
R 1 0.90 0.38 0.21
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and this effect increases rapidly with the decreasing of the relative
thickness of the plate. For example, when H0 ¼ 5  103 Oe,
a=h ¼ 2  102 , from (3.7) in the case of the aluminum plate
max
ðhÞ
A0 ¼ 4:53maxðhÞ A is obtained.
5. Parametric vibrations
Assuming that Qðx1; tÞ  0 ; PðtÞ ¼ p0 þ p1 cos bt from (1.20) in
the ﬁrst approximation for e ¼ 0 the following linear differential
equation with periodical coefﬁcients will be obtained:
d2f1
dt2
þX21ð1 2l cosbtÞf1 ¼ 0 ð4:1Þ
X21 ¼ x21 1
p0
p	
 
; p	 ¼ Dk21ð1þ aÞ; l ¼
p1
2ðp	  p0Þ
ð4:2Þ
characterizing the behavior of the examined plate under the cou-
pled action of longitudinal force PðtÞ and longitudinal magnetic ﬁeld
~H. When obtaining the Eq. (4.1) for the sake of simplicity it is as-
sumed that only initial transverse speeds are forced to the points
of the plate (initial conditions (3.17)).
The Eq. (4.1) is the well-known Mathieu equation. One of the
most interesting properties of this equation is that for the certain
relations between the coefﬁcients, it has inﬁnitely growing solu-
tions. The set of coefﬁcients determined by these relations com-
pletely ﬁlls the whole area, which is called the domain of
dynamic instability (Bolotin, 1956). The boundaries b	 of the main
(primary) area of instability can be found by the following well-
known approximate formulas (Bolotin, 1956)
b	 ¼ 2X1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 l
p
: ð4:3Þ
Considering the formulas (2.6), (4.2), and (4.3) one can note that
in the case of perfectly conductive plate the magnetic ﬁeld essen-
tially decreases the length of dynamic instability and changes its
position on the plane b;l to the side of high frequencies. On the ba-
sis of the formula (4.3) the calculations are done to compute the ra-
tio R ¼ ðbþ	  b	 Þ=ðbþ	0  b	0Þ for a=h ¼ 2  102; l0 ¼ 0:2 and several
H0. The results in the Table 3 are brought. Here bþ	0; b

	0; l0 - are
the values of bþ	 ; b

	 ; l in the case of H0 ¼ 0 :
On the basis of Eq. (4.3) and the following data:
E ¼ 7  1011 din=cm2, m ¼ 0:36, the main area of dynamic instability
is built for several values of H0 and p0=p	.
In the Figs. 2 and 3 l0 ¼ ljH0¼0. The Table 3 and Figs. 2 and 3
demonstrate the above-mentioned facts.6. On the inﬂuence of ﬁniteness of the conductivity of plate
material on parametric variations
So far, the case of perfectly conductive plates was studied, i.e.
coefﬁcient of conductivity of the platematerialrwas taken inﬁnite.
For comparative completely pattern of the inﬂuence of magnetic
ﬁeld on the dynamic stability, let us consider the vibrations of rect-
angular plate with the ﬁnite electroconductivity r. Let us the plate
is placed in a constant transversal magnetic ﬁeld ~H0ð0;0;H0Þ and is
exposed to the compressive forces pðtÞ ¼ p0 þ p1 cos ht, which is
uniformly distributed along the sides parallel to the axis 0x2. In this
case, according to Ambartsumian and Baghdasaryan (1996), the
investigation of transversal vibrations of the examined plate with
the precision ½p1=Eh2 << 1 is brought to the solution of the follow-
ing equation (Baghdasaryan, 1975):
DD2wþ 2qh @
2w
@t2
þ ðp0 þ p1 cos htÞ
@2w
@x21
 2rh
3
3c2
h20
@Dw
@t
¼ 0 ð5:1Þ
with the usual boundary conditions. In (5.1) c - is electrodynamic
constant, which is equals to the speed of electromagnetic waves
in vacuum.
Let us the rectangular ða bÞ plate is simply supported along
the whole contour. Then representing the solution of the Eq.
(5.1) in the form
w ¼ fmnðtÞ sin kmx1  sinlnx2; ð5:2Þ
where km ¼ mp=a ;ln ¼ np=b ; the simply supporting conditions
will be satisﬁed. To determine the functions fmnðtÞ the following dif-
ferential equation will be obtained from Eq. (5.1):
d2fmn
dt2
þ amn dfmndt þX
2
mnð1 2lmn cos htÞfmn ¼ 0 ; ð5:3Þ
where
X2mn ¼ x2mn 1
p0
p	mn
 
; x2mn ¼
D
2qh
ðk2m þ l2nÞ
2
;
p	mn ¼
D
k2m
ðk2m þ l2nÞ
2
; lmn ¼
p1
2ðp	mn  p0Þ
;
amn ¼ rh
2H203ð1 bÞ
3qc2
ðk2m þ l2nÞ; b ¼
1 m2
Eh
p1 : ð5:4Þ
In (5.3) xmn – is the frequency of natural vibrations of the plate,
when magnetic ﬁeld is absent, lmn – are excitement coefﬁcients,
p	mn – is the critical force for the static stability of the plate, amn –
is the parameter, characterizing the intensity of magnetic ﬁeld
and the conductivity of plate material.
Equation (5.3) have periodical coefﬁcients and as it is known, for
the certain relations between its coefﬁcients have inﬁnitely growing
solutions. The boundaries of the area of main parametric resonance
can be found using the harmonic balance method. According to this
method the solution of the Eq. (5.3) in the ﬁrst approximation will
be represented in the form (Baghdasaryan, 1983):
fmnðtÞ ¼ Amn sin ht2 þ Bmn cos
ht
2
: ð5:5Þ
Substituting (5.5) into the Eq. (5.3) and equating to zero the
determinant of the obtained homogeneous system of algebraic
equations with respect to Amn and Bmn the following formula is ob-
tained to determine the critical frequencies of the main parametric
resonance:
Fig. 2. Main area of dynamic stability for p0 ¼ 0.
Fig. 3. Main area of dynamic instability for p0 ¼ 0:5p	 .
Table 4
The limiting values Hlim of magnetic ﬁeld intensity for plates made up from several
materials.
Material E;
1011dyn=cm2
q;
g=cm3
r;
1017sec1
Hlim;10
3Oe
lmn ¼ 0:01 lmn ¼ 0:001
Aluminum 7.00 2.70 3.2 14.22 4.46
Copper 11.00 8.89 5.3 16.64 5.24
Brass 9.00 8.50 2.0 25.34 8.04
Zinc 8.00 7.10 1.5 27.14 8.56
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2 ¼ 4X2mn 1 cmn 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l2mn þ c2mn  2cmn
q 
; ð5:6Þ
where
cmn ¼
r2mn
2X2mn
:
From (5.6) one can note that the condition of existence of para-
metric resonance is the inequality
l2mn þ c2mn  2cmn P 0;
which takes place if the quantity cmn does not belong to the interval
ð1 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 l2mnp ;1þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 l2mnp Þ. If cmn 2 ð1þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 l2mnp ;þ1Þ thenthe expression 1 cmn 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l2mn þ c2mn  2cmn
p
becomes positive
meaning impossibility of appearance of the parametric resonance.
Thus, ever since 0 6 cmn < 1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 l2mn
p
for critical frequencies
the formula (5.6) gives two real values corresponding to two
boundaries of the main area of instability. But if
cmn P 1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 l2mn
p
then the appearance of parametric resonance
becomes impossible.
When cmn ¼ 1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 l2mn
p
, from the Eq. (5.6) it is follows, that
hþ	 ¼ h	 and therefore the width of the area of parametric reso-
nance is equals to zero. From this condition the following mini-
mum (limiting) value of magnetic ﬁeld intensity is obtained:
ðH203Þlim ¼
c2
rh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
6qE
1 m2
r
1 p0
p	mn
 
1 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 l2mnp
1 2b
" #1
2
: ð5:7Þ
The excess of such limiting value is excludes possibility of excite-
ment of parametric type resonant vibrations.
On the basis of the Eq. (5.7) the limiting values Hlim of magnetic
ﬁeld intensity are brought in the Table 4. The noted values are
brought for several conductors when p0 ¼ 0:75p	mn ; h ¼ 0:5 cm
and for several values of the excitation coefﬁcient lmn.
Formula (5.7) and Table 4 show that the bigger the magnetic
ﬁeld intensity, the greater amplitude of parametric force is needed
to excite the dynamic instability of the plate.
Formula (5.6) shows that at magnetic ﬁeld imposing and further
increasing of its intensity the width of instability ðhþ	  h	 Þ de-
creases and tends to zero when h03 ! Hlim :
7. Results
The following results are obtained conditioned by the existence
of magnetic ﬁeld.
1. The examined problem of non-linear magnetoelastic vibrations
is brought to the solution of integral–differential equation with
Cauchy type kernel for the usual boundary and initial
conditions.
2. On the basis of addressed problem the issues of free, forced and
parametric type vibrations are investigated.
3. In the case of free magnetoelastic vibrations it is shown, that:
a. If to the points of the plate the initial speeds only excite
then the plate will do harmonic vibrations around the
non-deformable state;
b. If to the points of the plate the initial deﬂections only excite
then due to the magnetic ﬁeld the plate does oscillations
around the deformable state;
c. The frequencies of the plate are the same in both cases and
their magnitude increases with the increasing intensity of
the magnetic ﬁeld;
d. The amplitude of vibrations decreases in both cases with
the increasing intensity of magnetic ﬁeld due to the laws
ð1þ aÞ1=2 and ð1þ aÞ1 , accordingly;
e. The deformable state, around which the plate does oscilla-
tions, seeks to the initial position, does not achieving it;
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plate can vibrate either across the initial non-deformable
state, or across the initial bent state
4. In the case of forced vibrations it is shown, that the presence of
magnetic ﬁeld can:
a. Decrease essentially the amplitude of forced vibrations if
r 6 1, where r ¼ h=x ; h – is the frequency of acting force,
x – is the frequency of own vibrations of the plate mag-
netic ﬁeld is being absent;
b. Increase essentially the amplitude of forced vibrations if
r > 1;
c. The presence of magnetic ﬁeld with the medium intensity
(of the order 103 Oe), the resonant amplitude of magneto-
elastic vibrations of thin plates is signiﬁcantly decreases
and this effect increases rapidly with the decreasing of
the relative thickness of the plate.
5. Decrease essentially the width of main areas of dynamic
instability.
6. In the case of perfectly conductive plates magnetic ﬁeld con-
stricts essentially the width of main area of dynamic instability;
7. If plate’s material has the ﬁnite electroconductivity, then the
certain value of intensity of external magnetic ﬁeld exists,
exceeding of which excludes the possibility of appearance of
parametric type resonance.
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